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Calcdlating the Pressure in Simulations
Using Periodic Boundary Conditions

E. R. Smith'
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Because it is not immediately clear how to write down a proper Hamiltonian for
a system in periodic boundary conditions, particularly with Coulombic inter-
actions, we consider a large, finite array of copies of a basic simulation cell
containing N particles with some interaction between them. We also put N
independent copy particles in each of the copy cells of the array and write down
a constrained Lagrangian for the whole system. Constraints on the velocities of
the particles of the whole array together with an appropriate initial condition
implement the periodic structure in the cells of the array ol copies. We derive
a Hamiltonian for the whole system with constraints and then derive the equa-
tions of motion and a virial expression for the pressure tensor in terms of the
forces on the system. In the limit as the array of cell copies becomes large, the
equations of motion become the standard ones used in periodic-boundary-
conditions simulations. The method also provides an unequivocal algorithm for
the pressure in this limit in terms of a virial expression. Particular attention is
paid to the case of Coulombic interactions.

KEY WORDS: Virial theorem; pressure; periodic boundary conditions; com-
puter simulations.

1. INTRODUCTION

Suppose we have a system of N, particles with mass m; and position r; in
a container Q of volume V,. Forces act between the particles and in this
paper we shall assume that we have short-ranged forces derived from a
potential @gp.; (r), direct Coulomb forces derived from the pair potential
Q;Q; Ir;—r,] ™', where the Q;, 1 <j< N, are the charges on the particles,
and “polarization” forces derived from a polarization interaction
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Q,0,¢poulr;, i €), where ¢ is the dielectric constant of the continuous
medium outside . This last interaction arises because a charge Q, at r;e 2
polarizes the external dielectric medium and this polarized external
medium sets up a potential inside € which interacts with Q, at r, e Q. We
shall describe details of @poy(r;, ry;¢’) below. For the moment we note
that the polarization force

FPOL;j("js T, 8')= —'QijVr,(PPOL(rja T &) (L1)

does not in general obey Newton’s third law.

The standard way to write down equations of motion and thus carry
out a molecular dynamics simulation is to start with the equations of
motion. We may write these for our example as

mi;= Z Fap ulru) + Z Foc. ulrj) + Z FrovL julr rei &)

k=1 k=1
ko j k+#j
+ Fsurr;;(1;) (1.2)

where the short-ranged forces are

FSR;jk(rjl.-) = (PSR /A(|r,k|) (1.3)

| /k|

the direct Coulomb forces are

Fspoulru) = —0,0,V,, eyl = (1.4)

and Fgyge,;(r;) is the short-ranged force of the container wall 02 on the
particle j.

There are several problems with this scenario when we do standard
molecular dynamics. First, how can we define a system in periodic bound-
ary conditions to which we can apply external forces so as to measure
response? There is no outside in a really periodic system. Second, how do
we calculate the forces in a periodic system, especially with Coulombic
interactions? Finally, how do we identify the pressure and in particular,
how do we consider polarization interactions? Are they internal or exter-
nal, do we consider them as internal forces contributing to a virial expres-
sion or as surface forces contributing to surface pressure? We answer the
problem of identifying the internal pressure in Section 2. In Section 3 we
construct a model of a basic simulation cell together with a large, finite
array of copies of this simulation system. A Lagrangian is written for the
cell-array system with periodicity implemented via velocity constraints and
initial conditions. A set of momenta are introduced and the Lagrange mul-
tipliers for each of the velocity constraints are determined. In Section 4 we
define a Hamiltonian for the large cell-array system and derive equations



Calculating Pressure in Simulations Using Periodic BC 451

of motion for the particles in the basic simulation cell. We also apply the
virial expression for the pressure tensor from Section 2 to the cell-array
system. In Section 5 we take the limit of the equations of motion and the
virial expression of the pressure as the array of copies becomes large. For
short-ranged potentials [|@gsg.;+(|r)} < 4 [r| =4 for large enough |r|] these
results are those used in standard simulations. For Coulombic forces we
are able to make an unequivocal definition of the polarization forces as
internal forces because the large-array limit of these forces in the periodic
cell-array takes a form which does obey Newton’s third law. The paper
concludes with a discussion on implementation in Section 6.

2. MICROCANONICAL DEFINITION OF THE PRESSURE

While it is possible to derive a canonical ensemble expression for the
scalar pressure on a statistical mechanical system, if we have no polariza-
tion forces present, it is not so simple to derive an expression for the
pressure tensor. If we want the scalar pressure, we may consider 2 to be
a sphere S, of radius R. We can then find the derivative of the free energy
with respect to the volume ¥, of € in the standard treatment'"? which
involves differentiating potentials ¢(Rp,, Rp,) with respect to R. However,
if we want the pressure tensor, we must know how the polarization poten-
tials change as the sphere is distorted into an ellipsoid. Such calculations
involve solutions of Poissorni’s equation in an ellipsoid and in my opinion
are best avoided.

Suppose then that we have the system of Section 1. We introduce a
unit vector i of fixed direction and then the region w(i, {) where

w(i, {)={reQ:r-h>{} (2.1)

The region w(i, {) has a curved surface dw (i, {) with unit outward normal
7(r) on dw (M, {). The region w(i, {) also has a plane surface

D(f, {)={reQ:r-f={(} (2.2)
We define
Z_(f, Q)=min [r-i] and Z+(ﬁ,Q)=mar)2( [r-n] (2.3)

ref2
We note that w(, Z_)=Q and w(i, Z,)=4¢. To define the pressure we

use a method suggested by Hoover."*» We consider the momentum of the
particles in w(f, {). This is

N
P, ¢, r)=j d Y 5(r—r,(1)) p,(1) (2.4)

[IUNS] i=1
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We may evaluate (i, {, t) microscopically, in the microcanonical ensemble
or equivalently from long-time averages of Hamiltonian dynamics, or we
may evaluate 22(i, {, t) macroscopically as equal to the pressure forces
acting on the surface of w(f, {). By equating the microscopic and macro-
scopic expressions, we can find a virial expression for the internal pressure
tensor. This mechanical equivalence serves as a definition of the internal
pressure tensor in the microcanonical ensemble. If we imagine an instan-
taneous internal pressure tensor /I(r,¢) in the system (for reQ) and a
surface pressure tensor /75(r, t) (for r e 82), then we have

P0,0,0=]

D(h.J)

dr - 1, z)—j i) 151 (25)

Qw,(8,5)

To obtain a virial expression, we integrate Eq. (2.5) from Z _(h, ) to
Z . (h, Q), using Eq. (2.4) for (i, {, 1) on the left-hand side. This gives,
using integration by parts,

ﬁ-j d3rﬂ(r,t)+Z_(ﬁ,Q)J 4% (r) - 115(r, 1)
[e] 02
—ﬁ-j d*r i (r)- 115(r, 1)
02

d . . N
=E[—Z(n,§2) Y opi(n)+h- Y r,(t)p,(t)] (2.6)
=1
We now define the average internal pressure tensor by
ﬁ(z):lf 4 1(r, 1) (2.7)
Voo ’
the total external force on the system by

Foy(t)= —j dr #(r)- [15(x, 1) (2.8)

R

and the total momentum of the system by
Pr()=3 p;(1) (2.9)

Notice that we do not assume at this stage any particular relation between
the internal pressure /7(r, ¢} and the surface pressure /75(r, t), nor shall we
do so below. We may then rearrange Eq.(2.6), writing p,(s) in terms of
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the short-range, direct Coulomb, polarization, and surface forces. For all
directions i we obtain

i (1) Vo=h-

——
=z
o
~
—
~
~—~
N
—
—
-~

<
I

+

L (O[Fsrou(ra) + Foe ulrg) ]

r,FpoL(r, 1 €")

1M = IMZ

~.
b

+

+
M= I Mz 1Mz

(1) Fsyrp,(r) + LQ d*rei(r)- 175(r, f)}

+ Z_(8, Q)[Fex(1) = P(1)] (2.10)

Next we introduce the notion of a long-time average of a variable X
as

(XY= lim if’")\/(z)m (2.11)
0

g — * ’0

and define the internal pressure as

=<1y (2.12)

Now any change of total system momentum must be driven by the external
forces, that is, by the surface pressure, so that Fex(f)=P1(¢) and so we
have

N 1 N N
[v,= < Z i;(1) p,-(l)> +§ < Z Z [ Fsron(ry) + FDC:jk(rjk)]>
j=1

i=1 k=1

1) Feor,(r, 1y 8/)>

N
+ <Z ri(’)FSURF;,/(r_/H'I drri(r) - [7%(r, f)> (2.13)
02

=1

In the normal course of events, we should be able to identify the last expec-
tation on the right-hand side of Eq. (2.13) as zero: the surface forces give
rise to the surface pressure. However, let us consider €2 to be a spherical
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container of radius R and define ¢, ,,(r)=r"Y (), where the ¥, ,,(f) are
spherical harmonics in standard notation."* ® We then have

= L 4n (L4 1) ~1)
QpoL(T;, T ;€)= — ;
poLTs: T LoX L2L+1 e (L+1)+L

L=0 M= —

X R‘(ZLH"PLM(F/)(PZM(U) (2.14)

Notice, for example, the self-interaction

& LDE=1) (2
@poLll;, T ;€)= —Lgom-]( <R2> (2.15)
This looks for all the world like an external interaction which we should
include in the surface forces in the last expectation in Eq. (2.13). In general
the polarization forces on j due to k& and on k due to j do not obey
Newton’s third law, because of their origin in interactions of both particles
with the external dielectric medium. However, we shall see below that in
the periodic boundary condition structure that we establish, these pairwise
polarization forces do obey Newton's third law and so it is entirely
appropriate to include them in the internal forces. When we ignore the
last expectation of Eq. (2.13) as described above, we then obtain a virial
expression from Eq. (2.13).

3. THE LARGE CELL ARRAY AND ITS CONSTRAINED
LAGRANGIAN

We consider first a simulation cell [{0)={r: —L2<r-a,<L/2,
a=1,2,3}, where the a,, a,, a, are three noncoplanar vectors with which
we generate a lattice A={n=3}_, n,La,, (n,, n,, n;)eZ*}. The volume
of this central simulation cell is ¥,=L>|a,-a,xa,|. There are N point
particles of mass m; at r;e I'(0). We assume that pair interactions @;(r)
act between the particles. We then construct a large but finite array
of copies I'(n) of I'(0). The copies I'(n) are {r:r—nel(0)} with n=

_1n.La,, and so the copies also have volume V,. The set Cp is a finite
but large array of vectors ne A, and we shall also use Cg to refer to the
region contained in the cells /(n) for which ne C,. The linear dimensions
of this region will be assumed to grow linearly with R. We shall generally
use the region Sg(4), which is all the vectors ne A for which |n| < R, but
other shapes are possible. In each cell /'(n) of the array C, we put N copy
particles of mass m; at R(/, n), | < i< N. We define R(j, 0) = 1,. The poten-
tials ¢, act between all the particles in the entire array. It is convenient to
introduce r(«, j, n) via

3
R(j,n)= Y &.r(a j,n) (3.1)

a=1
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so that {r(a, j,n), | Sa<3,1< < N, neC} are the coordinates of all the
particles in the entire finite large array of copies of the original simulation
cell. We also assume that there is a short-ranged single-particle surface
potential #,,(r;) acting on each particle.

The unconstrained Lagrangian for the whole system is

3 N
L= ég ; Y. mi(a, j,n)?

a=1 j=1 neCpq
N N
1Y Y Y Y xRy n) Rk, ny))
/=1 meCp k=1 meCr
- Z Y 6,(R(,n)) (3.2)
j=1neCg

and the asterisk on the sum means we omit singular self-interactions. To
implement the periodic boundary conditions, we introduce Dg= C.\{0}
and then insist on the constraints

S, jym)=r(a, j,n)—r(a, j, 0)
—n-é,=0, I1<a<3, I<j<N, neD;, (33)

In the analysis below the techniques of De Leeuw et al.'”’ are adapted
directly to these “periodic” constraints. We replace these constraints by the
velocity constraints

—f(a Jym)= Z Z > f

B=1 k=1 aeCp

6/‘(a,j,n) _
or(B, k,m’)

(3.4)
for 1<a<3, I1<j<N, neDq;

together with the requirement that in the initial conditions for the whole
system, the constraints of Eq. (3.3) hold.
The constrained Lagrangian is then

Y Y ma j,n)? = U({r(a, j,n)})

I neCy
N
+ Y Y X vBkw)

(B, k,m")
or(a, j,m)

m

F(o, jym) (3.5)

2
A D1
X
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where

N N
U({r(a,j,n)})=§ Z Z >* ¢(R(j, m,), R(k, n,))
= =1 melCpq

+ Z Y (R, n)) (3.6)

J=1neCp
We can simplify this constrained Lagrangian using

ofiB, k,m’)

or(a, j,n) =05p0u{0n n[1—8n0]—0n0} 3.7

so that

wl—-
el

Z m;i(a, j,n)?> — U({r(a, j, n)})

HMu

Y yla, j, m){ (e, j, n) —F(a, j, 0)} (3.8)
ne Dg

A

To begin exact implementation of the constraints in a simpler system
of equations, we define momenta in the standard way:

plo, j,n)=0L*/0F(a, j, n) (3.9)

This gives

pla, jym)=m;ia, jym)+y(a, jyn)[1 =8, 0] =009 3, o jom')  (3.10)

n'eDg

which we may reorganize as

L. 1 :
r(a,J,n)=;{p(a,j,n)—y(a,ﬁn)[l—5n,o]+5n.o ) y(a,j,n')}
J n' e Dg
(3.11)

We can use this result and Eq. (3.7) to rewrite the velocity constraint equa-
tions in the form

plo, om)=pla, j,0)= Y M(n,n')y(a, j,n') (3.12)

n'e Dy

where

M(n,n')=144,, (3.13)
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We now define .4 as the number of cells in the large array, so that D, has
4% —1 members. Thus we may show that

M~'(n,n)=4, ,—L (3.14)

" Wa

by a simple matrix multiplication. Equation (3.12) then gives

1
ya jym)=plas jjm)——= 3. pla, jin’)
TRweCh (3.15)

for 1<a<3, 1<jj<N, and neD,

With minor differences for n5 0 and n=0, we may then use Eq. (3.11) to
find

Fa, j, )= Y pla,jin’) for ISa<3, 1<j<N, and ne D,

e Cgr
(3.16)

We note then that F(a, j, n)=#(a, j, 0) for all (a, j) and for ne Dg. This,
together with the initial condition, implements the periodic boundary con-
dition.

mAg .

4. THE HAMILTONIAN, EQUATIONS OF MOTION,
AND PRESSURE

Here we continue to foliow the constraint dynamics techniques of
De Leeuw et al.'”” We define the Hamiltonian in the standard way as

3 N

H = Z z Z ':(an)i’n)p(asj,n)_’? (4-1)
2=1j=1neCp

We use the Lagrangian % here rather than the constrained Lagrangian ¥ *

since we shall eliminate the #(«, j,n) from the Hamiltonian using

Egs. (3.16). When Eq.(3.16) holds we have ¥ =.¢* The Hamiltonian

reduces to

3 N 1 2
H=3 X [ ) P(a,/}n)] = U({r(a, j,m)}) (4.2)
a=1j=1

2’”["4/’? ne Cg

The initial conditions for the dynamics defined by this Hamiltonian are: At
t=0

r(a, j,m)—r(a, j,0)—n-&,=0, I1<a<3, 1<j<N, neDy (4.3)

822/77/1-2-31
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First we obtain, for 1 <a<3, 1 < j<N, and ne Cy,

o oA
'(a’j’n)_ap(oc,j, " " ‘Rnsqu(a j.m) (4.4)

Thus the Hamiltonian dynamics from Eq. (4.2) indeed implies
Flo, j,m)=F(a, j, 0) (4.5)
We may integrate these equations and apply the initial condition to obtain

r(e, ,n)—r(o, j,0)—n-&,=0, 1<a<3, I<j<N, neDy, for 120
(4.6)

The Hamiltonian with . in Eq. (4.1) thus gives a dynamical evolution in
which the periodic boundary conditions are implemented. Equation (4.4)
brings with it the appealing physical picture of each particle j in the
original simulation cell I'(0) behaving as though it had mass m;,.4%, the
mass of all the copies of j in the whole array.

The second set of Hamiltonian evolution equations are

oA oUu
(o, j,n)= — = — 4.7
Pl j.m) or(a, j, n) or(a, j, m) (4.7)
so that
ou
.(aa .’n = - CYEEN (4'8)
nékp J»n) nékal.(a,j’n)
Using Eq. (4.4) then gives
L L 1
mFa, j,n)=mFo, j,0)= — v ZC . j,n) (4.9)
Using r;=3]_, &,r(x, j,0), we can then write
N*
m;E;=Fsupp, (1) + 37 Fulr, 1) (4.10)
k=1
where
Fsurr,(r)) = —7 Y Vé,n+r) (4.11)
RnecCy
Furrg=——- Y Y $plny 471, 0,471,) (4.12)

Rme(R neCpg
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and the asterisk on the sum in Eq. (4.10) means we omit singular self-inter-
action terms when j=k and n,=n, from the double lattice sum in
Eq. (4.12). Using these representations for Fgygrp.;(r;) and Fy(r;, r,), we
have that Eq. (4.10) represents the equation of motion for the finite but
large periodic cell-array. We shall see below that the equations of motion
reduce to rather standard forms in the limit as the array becomes large.
We may now turn to the pressure of the large array, remembering that
the surface forces —V¢,;(n+r,) tend to zero quickly as the distance on n
from the boundary of the cell-array becomes large. We note that V=
12V .4{1+ O(1/R})}, where V, is the volume of the whole region £ contain-
ing the cell array, . 1% is the number of cells in the array, and V is the
volume of one cell. With the notation p(j,n)=3Y"_, &, p(«, j, n), Eq. (2.13)
becomes

M.V,
<Z > p(f,n)>
Jj=1 neCp
1
-3 Z =1+ 1) Ve Gspopn(n — 0y + |','A-)>
1 meCp meCp

N T
1M 2 ]’[\/jz

Z Z* (n, _n2+rjk)vr,Qij (m, _“2+|'_,'k| _l>
1 mpeC

‘R meCy

[

EMZ T M = |T[v1z

Y Y (ny+r1)FeoL (n 41,041, e’)>

neCg neCp

+
S~ N
Mz 1 M=

+
T~

(n+r;) Fgugp,;(n+r)+ Lg drri(r)- 73(r, 1)>
(4.13)

E]
m
8]

R

We may find the scalar pressure I7 by taking one-third of the trace of both
sides of Eq. (4.13). There are five expectations on the right-hand side of
Eq. (4.13) and we identify them in turn as /7,;,. ¥ V4, the kinetic energy
contribution, /Tgz.4 ¢V ,, the short-ranged force contribution, /[Tpc. 4%V 4,
the direct Coulomb interaction contribution, /[Tpg, .V ¥ 4, the polarization
force contribution, and a contribution from the surface forces and surface
pressure. Note that we do not yet have a way of deciding how to allot the
MMeoL contribution between internal pressure /7(r, t) and external pressure
on the surface, /75(r, 1), because the forces Fpo . ;(n, 41, n,+1,;¢") giving
rise to [1po do not obey Newton’s third law.
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5. THE LIMIT AS THE ARRAY BECOMES LARGE

First we look at the equations of motion given in Eq. (4.10). Equation
(4.10) shows the surface force as

Fsurr, (1)) = —4L Z Vg, (n+r1)) (5.1
*"RneCy

From here on we shall consider Cg, to be the sphere S, with center 0 and
radius R. As the array becomes large we have R — oo and we also have
Vo= 4%V [1+O(1/R)]. We consider the one-particle surface potential
¢,;(r) to be of the form ¥ ,;(Rt —r) with ; independent of R and ¥,(p) = 0
as |p| — oo, so that we may indeed interpret ¢,,(r) as a surface interaction.
In Eq. (5.1), the factor 1/.4; is O(R~?) while the sum of surface forces is
proportional to the surface of S; and so is O(R?). Thus Fsure; (1))
vanishes in the limit R — co. The equation of motion for r; [Eq. (4.10)] has
no surface force term in the limit R — c0.

The pair force F,(r;, r,) is derived from short-ranged interactions,
polarization interactions, and direct Coulomb interactions. The short-
ranged force is

FSR:jk(rja )= Vr, Z Z Psr. amy—my+ry) (5.2)
‘R n €Sk naeSg
Now if the potentials ¢gg, ;(r) are “short-ranged,” they are O(|r] *) as
[r| - ov. Thus we may substitute n for n, —n, and sum over n over the
whole of the lattice A, also summing later over n, € S, which gives a factor
A%, this procedure having an error which is O(R ') compared with the
result. We thus have, in the limit R — oo,

¥sr. (i) z Psr. Jk (n+r1y) (5.3)

ne .t

and
Fsr.alr;, 1 =V, VYsroulri)=— Z Ve dsp u(m+r;) (54)

ne .l

The total polarization force on particle j may be written using Eq. (2.14)
as
F 3V, i dr (L+1)e'—1)
PO 4m R‘L W 2L+ 1 e (L+1)+L

L
X Z I:Z Q[V(pLAI(nl+rj)R - ”]

ny € Sy

{Z Z Ouloipmy+r)—@ u(n)] R }

1 nye Sg

[rrof3)]
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In the last large bracket in Eq. (5.5) we have inserted an extra term inde-
pendent of k, a manipulation which does not change the result because we
always assume a charge neutrality condition

N
Y 0:=0 (5.6

k=1

without which we cannot define electrostatic interactions in the array in the
limit R — oo. Now

N
Z Z Qk[(f)LM(nZ'*'rk)_(PI_M(nZ)]R”L

k=1 neSg
R’ v,
= Z z Ou|l Pium P(“)+ — @l p(n)) , (5.7)
V'A—lp(n)sSl R
where p(n)=n/R and S, is a sphere of radius 1 with center 0. The
right-hand side of Eq. (5.7) contains a sum approximation to a Riemann
integral over S, and so we have

N
Z Z Qul@iadny+r)— @ 0 (n)] R

k=1 nieSp
R-
j At Vo, (t)[ 1+ O(R™ )] (5.8)

where
N
M: Z rik (59)
k=1
is the total dipole moment of the particles of the original simulation cell

1
I0). If we introduce the “spherical basis”* &, = ——=(1, —i,0), &,=

2

1
(0,0,1), and é _, =—=(1, i, 0), we then have
/2
47\ ' .
J’ leV(/’LM(")=<7> O, 8% (5.10)
Sy

and similarly we have

Z Vo, un +r1)) R

n e Sg

RZ
=7j d*t Ve, (N[l +O0(R")]

1/2 2
(43”> 11/3 51+ 0(R™ )] (5.11)
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Thus in the limit R — o0 we have

4 2(e' = 1) N
= ) (
FPOL;_/ 3V, 26 11 ijgl o1, {5.12)

and the apparent failure of the polarization forces to obey Newton’s third
law is particularly clear. However, because of the charge neutrality con-
straint [Eq. (5.6)] we can write

4n 2(

FroL;= 3V e+ 1 +1 Q,AEI Ok (5.13)
and so identify pair polarization forces
, 4m 2(e'—1)
FPOL;j/.—(l'_;, I, &)= — 3V 2¢’ +1 Q Oyr ke (5.14)

Thus we have a pair polarization force in the central cell of periodic
boundary conditions (and indeed in any other cell) for which Newton’s
third law holds. We shall see below that similar considerations hold for the
polarization force contribution to the virial expression for the pressure.

The remaining force term in the equations of motion is due to the
direct Coulomb interactions. We may derive this force from the direct
Coulomb energy of the whole array, namely

Z Z Z Q0 Iny—ny+r,| =" (515)

k=1 neSg neSg

t
UDC({ (RO N =§
7

IIMz

To evaluate this double lattice sum, we note the identity

L _erfe(alr) , e’""”

which may be reasonably easily established.® We then introduce the lattice
# reciprocal to A with lattice vectors m such that exp(2rim-n)=1, and
we introduce the cells y(m) of the reciprocal lattice. With m=32_, m, A,
and A, = L%, xa,/V, etc., we have
70)={ueR*: —i<u-A

<3,a=1,2,3} (5.17a)

[STE

x

and

ym)={ueR*u—mey(0)} (5.17b)
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We may then split the integral in Eq. (5.16) into a sum of integrals over the
y(m), in each y(m) substituting u=m + v with ve y(0). We then obtain

-l 2l
1 erfcalrl) lf 3 € mim v/ ezniv~relnim'r
I e (my)?
m#0
1 e—r(\'/m2 )
+ __J. d'l emer (518)
Y50 v

When we insert this rather complicated expression for [n, —n,+r,| ~' into
Eq. (5.15), several interesting things happen. The sum of complementary
error functions may be estimated by setting n, —n, =n: the double sum is
then 4% times a sum on ne A4 with an error which is O(1/R) because the
summand is absolutely and rapidly summable on A. The sum of Fourier-
series-like terms with m # 0 may be estimated by noting that if used in an
integral for which the rest of the integrand is smoothly varying in the
components of v, then

Y exp(2nin-v)=VL5(v)|:l+0<%>i| (5.19)
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on y(0). We can then do the sum over n, using this formula and then the
sum on n, to obtain
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is the standard Ewald potential.®® The asterisk on the doubie sum of the
Ewald potential in Eq. (5.20) means that when r =0, the n=0 term in the
sum of complementary error functions in g, must be replaced by

lim SClen) 1 2% (5.22)
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to exclude the direct self-interaction of a charge with itself but include the
interactions of charges with their own periodic copies. To evaluate the last
integral terms in Eq. (5.20), we expand the factor exp(—n*v?/a’ + 2miv - ;)
in powers of v. The zeroth- and first-order terms are divergent as R — oo,
but vanish by charge neutrality. Third-order and higher terms give a
smooth integrand, zero at v=0, for which the representation (5.19) may be
used for the sum on n,, giving a total which is O(.4/R). The second-order
terms may be evaluated using the symmetry arguments of refs. 8 and 9. The
final result is
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We thus find in the limit R — oo
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W oM (5.24)
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In the limit R — co, the equations of motion are then
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This completes the description of molecular dynamics in periodic boundary
conditions with Coulombic interactions. We now turn to the pressure
tensor.

The kinetic energy contribution to the pressure tensor is then, using

r(j,mn)=r(,0),

Mg VRV 4= < 2 2 tmp(in )> (5.27)
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Using Eq. (4.4) to first replace r(j, n) by r(, 0) and then replace the sum
of momenta, we find

N
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We may aiso write
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but Eq. (5.28) seems physically more transparent. Note that we do not

have p(j, n)=m;i(j, n), the canonical momenta for the limiting periodic

system being more complicated. In deriving Eq. (5.28) we have used V=

ARV, [14+ O(1/R)], so that Eq. (5.28) holds exactly in the limit R — oo.
The short-ranged potential contribution to the pressure tensor is
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Because n Vg, ;(n) is absolutely summable on n# 0 (basically the defini-
tion of a short-ranged potential), we can write the sum on n, and n, as .4
times a sum on n=n, —n,e A with an O(l/R) error, giving in the limit
R—

1 N N *
ﬂSRVA=—§<Z Z Z ("+"_,~/.-)V¢SR;j/.-(“+|'jk)> (5.31)

j=1k=1neA

The polarization interaction contribution to the pressure tensor is
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We may simplify this in the same manner as the polarization force, replac-
ing the sums by integrals to obtain the leading-order behavior in R with
O(1/R) corrections. From Eqgs. (5.8) and (5.11) we find an expression for
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the sum on k and n, in Eq. (5.32) which contains a factor §, ,. Thus we
have
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To evaluate this, we require
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We show this by noting that the integrand is M-V[rVgp,,(r)], using
Gauss’ divergence theorem, noting that #f = 1./(4n) | Yo(F) plus Y, ,(f)
terms with L =2 (here | is the unit tensor) and calculating the remaining
integral. We then have, in the limit R — oo,
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We may now answer the question which we raised earlier, whether to treat
this contribution as that of an internal force in the virial expression for the
pressure tensor, or as that of an external force which should be included in
the last expectation of Eq. (2.13). That expectation is a balance of the time
average of contributions of the moment of the microscopic surface forces
with the moment of the macroscopic surface pressure force contributions.
We use charge neutrality to write

l N N ,
MeoLVi=3 Z Z rijPOL:jk(rja T €) (5.36)
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where the forces Fpgp, u(r;, ri;¢’) are precisely those identified in
Eq. (5.14) as giving the polarization pair force in the final equations of
motion, and which obey Newton’s third law. This means that we should
include all of /1e5. V', in the internal pressure tensor. It appears that there
may still be polarization force contributions to Eq. (2.13) about which it
seems difficult to decide whether they should be considered as internal or
external forces. The point turns out to be unimportant, for their contribu-
tion is O(1/R) in Eq.(2.13) and so the problem goes away in the limit
R — 0.
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The direct Coulomb interaction contribution to Eq. (2.13) is
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To deal with this cumbersome object we use the identity (5.16). The com-
plementary error function term then gives a “real-space” contribution to
[1pc which is, in the limit R — oo,
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The remaining part is more complicated, but is treated along the lines
analogous to those used for the direct Coulomb forces in the equation of
motion. We have
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There is no asterisk on the sum here because the summand is zero for j=k,
n, =n,. We may write

(ny —ny+r1y) Vr, exp[2miu- (n, —ny +ry)]
=V, {exp[2miu-(n, —ny+r,)]}u (5.40)

and then use Green’s theorem on the integral. This is not entirely
straightforward, because of the singularity in the integrand at u=0. If we
excise a small sphere about u=0 before using Green’s theorem, it is easy
to show that the singularity does not contribute. We then use the stratagem
we introduced earlier of dividing R? into cells y(m) with me #. For the
m # 0 terms we use Eq. (5.19) for the sum on n,. We then obtain
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To evaluate this final contribution for large R, we expand
exp(—m*v/a® + 2miv-r;) in powers of v with only quadratic powers giving
an O(R°) contribution, as with the forces. In the expansion, only the
term +4n’(v-r,)(v-r,) survives to O(R®). After we convert the sums on n,
and n, to integrals, and replace y(0) as the range of integration by R?
[processes which cause an error which is O(1/R) with respect to the
result], we obtain
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The Fourier transforms which appear here are standard and this expression
then reduces in the limit R — o¢ to

Manao Vo= (g [ 4201 [M-9,2(M9,.)
1

8l

X L dsz‘Pl_Pz)Vp,lpl‘lehl> (5.44)



Calculating Pressure in Simulations Using Periodic BC 469

Using the standard spherical harmonic expansions of [p, —p,| ~' and the
result'®’
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we amy, with a little effort, evaluate these integrals to find
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We can now write the direct Coulomb and polarization contributions to
the virial expression in the limit R — oo as
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We may now conclude by writing the total virial expression for the
pressure tensor as
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In writing this final expression, the periodic virial theorem, we have
assumed that in our periodic-boundary-condition array construction the
surface pressure /75 is entirely due to the short-ranged forces, so that the
last long-time averages in Eqs. (2.13) and (4.13) are zero. This virial
theorem in Eq. (5.49) finally provides us with an unequivocal algorithm for
the internal pressure tensor from a molecular dynamics simulation.

6. DISCUSSION

One problem which has not been mentioned so far is the problem of
point dipoles. If we have a point p; on particle j, then the pressure tensor
is that in Eq. (5.49) with Q; replaced by Q;+p;-V, and the Q;r; contri-
bution to M is increased by ;. Similar appropriate changes must be made
to the kinetic energy contribution and the equations of motion must be
extended by the same considerations so that they will also describe the
rotational motion of the dipolar molecules. Implementation with polar-
izable molecules will be rather more complicated if point polarizability
models are used. Other problems also arise with extended molecules
because of the possibility that a molecule may be part in I'(0) and part in
one of its nearest neighbors. These last questions are not discussed in this
paper, but the framework for settling them has been provided.

In implementing this algorithm for the pressure, the normal methods'"
for choosing the parameter o for optimal numerical performance should be
followed in the dynamics and in evaluating the expectations of Ggyaa(ry ).
For the short-ranged force contribution we should recall that the dynamics
is normally implemented via the minimum image convention and accord-
ingly it seems appropriate to use T, Vdgg. 4(F;) in place of the lattice sum of
short-range interaction contributions in Eq. (5.49). Here T, is the minimum
image form of r;. That is, T, = n, + 1, where n, is that lattice vector which
makes |F;| minimum.

We may now consider the scalar pressure /T =1 trace /7. First we look
at the short-ranged force contribution. For potentials ¢gg. 4(r;) which
depend only on |r;|, we have

0
(n+r) Vs M+ 15) =r = dsplr) (6.1)
a’ r=|n+ gl
This gives a fairly simple lattice sum for any such potential, especiaily
simple when the lattice sum is replaced by its minimum image term. For
potentials A, |r;,| ~? with p >4, we may define the short-ranged energy
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and then we have
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which is a particularly convenient form for Lennard-Jones interactions. For
the Coulomb interaction we have
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We may ignore the —1 in the last bracket here by charge neutrality. The
sum on m € Z is well defined and absolutely convergent and uniformly con-
vergent in r. This is quite unlike the case of lattice sums with factors 1/m?
for which we may not use the Poisson summation formula directly. For the
sum in Eq. (6.4), we may use the Poisson summation formula. It then
exactly cancels the sum on n in Eq. (6.4). We also note that 3MM — M?|
is traceless. Thus the scalar pressure virial theorem reads

1 N 1 N N
17, =3 £ mit07) £ (T ¥ 5V donuli))

i=1 =1 k=1

2n(2e' — 1) .
6<Z Z Q0¥ ewaid(r ,/.)> (—€'+TS<M~> (6.5)

j=1 k=1 4(26

Finally we must consider the value of ¢’ to be used. It usually makes sense
to take the limit ¢’ — oo, for then the equations of motion have no square
dipole term. Also, the equation for the scalar pressure becomes simpler.
For some simulations, particularly of dipolar systems, where the mean
square dipole moment is needed accurately for dielectric constant estima-
tion, it appears that it is sometimes useful to use a finite value of ¢'. This
may improve the rate at which the time-averaged mean square dipole
moment converges to its long-time limit. In either case we must use the full
catastrophe of Eq. (6.5) and an equation of motion [see Egs. (5.25) and
(5.26)] which contains forces proportional to M if ¢’ is finite. The M we
use in both the dynamics and the pressure averages must be the dipole
moment of those particles which were in I(0) at the start of the simulation.
Only by doing this can we avoid discontinuities in the forces when a par-
ticle moves out of one face of /'(0) and reenters by the opposite face. That
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is simply a computing time cost that we must pay to avoid excessively slow
convergence of the square dipole moment averages. What this tells us
about the original dynamics is that the particles do not stay inside their
respective copy cells I'(n), but stay “associated” with it.

This mean square dipole moment term which remains in the pressure
tensor of Eq. (5.49) in the limit &' — oo is very interesting. It is the only
example I know where the mean square dipole moment terms inherent in
the conditionally convergent lattice sums which arise in periodic-boundary-
condition simulations cannot be induced to go away by some construction
or another when we use a spherical lattice sum summation order. [t should
be noticed, however, that no amount of fiddling with the external medium
will make such terms vanish if we use plane-slab-shaped summation
order.’® Thus the fact that such terms arise in the pressure tensor, which
measures response to shear, is not perhaps as surprising as it might first
seem.
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